Abstract: High-density nuclear symmetry energy is of crucial importance in astrophysics. Information on such energy has been obtained from mass-radius determinations of neutron stars (NSs), and in the future NS mergers will increasingly contribute. In the laboratory, the symmetry energy can be studied in heavy-ion collisions (HICs) at different incident energies over a large range, from very low to several times higher saturation density. Transport theory is necessary to extract the symmetry energy from the typically non-equilibrated nuclear collisions. In this contribution, we first review the transport approaches, their differences, and recent studies of their reliability. We then discuss several prominent observables, which have been used to determine the symmetry energy at high density: collective flow, light cluster emission, and particle production. It is finally argued that the results of the symmetry energy from microscopic many-body calculations, nuclear structure, nuclear reactions, and astrophysics begin to converge but still need considerable improvements in terms of accuracy.
Introduction
The nuclear equation of state (EoS) specifies the energy density of nuclear matter without Coulomb energy as a function of density, temperature, and asymmetry. For zero temperature, it is usually written in the lowest order in asymmetry as E(ρ, δ) = E 0 (ρ) + E sym (ρ)δ 2 , where δ = (ρ n − ρ p )/ρ and ρ n , ρ p , and ρ are the neutron, proton, and total densities, respectively. The energy density of symmetric nuclear matter E 0 has been extensively investigated in heavy-ion collisions (HICs) in the past, and a consensus has been reached: that it is rather soft, that is, rises less than linearly with density, and is also momentum dependent [1, 2] . The nuclear symmetry energy E sym (ρ) is less well understood. Studies with HICs at energies below about 400 MeV have constrained it fairly well around and below saturation density ρ 0 ≈ 0.16 fm/c [3] . However, the high-density behavior is still a matter of debate. Microscopic many-body calculations still diverge considerably at higher densities. The reasons are seen in the uncertainty of three-body forces and of short-range isovector correlations and in the question of the strangeness content. The symmetry energy is often represented as an expansion around saturation density as E sym (ρ) = S 0 + ) 2 , where S 0 is the value and L and K sym proportional to the slope and curvature, respectively, of the symmetry energy at saturation. L has been determined to be in the range of 50 to 100 MeV [3] and is a measure of the stiffness of the symmetry energy.
On the other hand, the nuclear symmetry energy is a crucial input for the understanding of astrophysical objects. The structure of neutron stars (NSs) and the explodability of core-collapse supernovae (CCSNe) depend critically on the properties of neutron-rich nuclear matter and thus on the symmetry energy. Astrophysical observations have yielded important constraints on the nuclear symmetry energy. The Tolman-Openheimer-Volkov equation relates the symmetry energy directly to 
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Bauswein et al The EoS can also be investigated in terrestrial laboratories in HICs. In energetic collisions, densities of up to several times the saturation density can be reached, similar to those that are thought to exist in NSs. In HICs, one has the possibility to scan the density in certain ranges via the incident energy and colliding masses and the asymmetry by the choice of the collision system. The latter is limited by the asymmetries of available projectiles and targets but is being extended by the use of exotic beams. However, the high-density phase only exists for the short time span of the collision in the order of 1 to 100 fm/c, depending on the energy. In order to draw conclusions from the final asymptotic observables to the properties of the dense medium, the evolution of the collision has to be described in detail. This is achieved by various transport descriptions. As the system in these collisions is out of equilibrium for most of the time, transport also takes into account the non-equilibrium nature. Hydrodynamical treatments, which assume a local equilibrium, and statistical treatments, which assume a global equilibrium, are often not adequate, at least not for the whole process. On the other hand, transport descriptions are complex, and the necessary approximations, the implementations, and the accuracy are issues that also have to be discussed.
This contribution aims to review the issues, the problems, and some of the results of the study of high-density symmetry energy with emphasis on HICs. Thus we first discuss the transport theories and then give some examples of observables that have been used to constrain the symmetry energies. It is beyond the scope here to discuss in more detail than the above the constraints on the symmetry energy from NS observations. A good collection of articles regarding this can be found in the recent special volume on symmetry energy, published by B.A. Li et al. in [2] . Finally, we summarize the present status of these studies on symmetry energy.
Theoretical Considerations
Overview of Transport Theories
Transport theory is necessary to draw conclusions on the EoS from HIC experiments to account for the non-equilibrium nature of the process. Practical transport approaches are derived from non-equilibrium many-body physics by a chain of approximations [15, 16] . One usually starts from the Martin-Schwinger real-time Green function formalism, which by a folded time path with forward and backward branches takes into account the time-reversal asymmetry. The hierarchy of many-body densities is truncated by the factorization of the two-body density and by introducing single-particle self-energies. One arrives at the Kadanoff-Baym theory for the non-local densities and self-energies. With a Wigner transform, this is cast into an equation in phase space { r, p}. A gradient approximation in the first order inh leads to a semiclassical description, where a quantity f ( r, p; t) can be interpreted as the phase-space probability. At this stage, there are still two independent Green functions, which can be transformed into the above phase-space probability and a spectral function for the off-shell particles. In the quasi-particle approximation, the spectral function is taken to be on-shell in terms of effective momenta and masses. With these approximations, one arrives at an equation of the Boltzmann-Vlasov type for the evolution of the phase-space probability f ( r, p; t) under the influence of a self-consistent mean field U[ f ] and of two-body collisions as the dissipative mechanism, which non-relativistically reads
Here f i ≡ f ( r, p i ; t) andf i = (1 − f i ) are the blocking factors, which assure the Pauli principle for the final state of a collision, and which are the essential quantum ingredient in this equation apart from the initialization. The v i are velocities, and σ NN (Ω) is the in-medium nucleon-nucleon (NN) cross-section. The potential U[ f ] and the cross-section are either derived from a nuclear energy density functional E[ f ] or are parametrized. The Coulomb interaction is included separately. If the energy functional explicitly depends on f , then the potential can be momentum dependent, which adds another term to the left-hand side of the transport equation. The physical components of the equation, namely, the potential and in-medium cross-sections, are not independent, but are connected by an approximation scheme for the self-energies. An obvious choice is the Brückner scheme for the effective in-medium interaction, used in a local-density approximation. This has either been used directly [17] or in parametrized Yukawa-like form with meson-nucleon couplings, which depend on the density and may in addition depend on the energy [18, 19] . If particle production, for example, of pions and ∆ resonances, is to be considered, additional physics input is needed: inelastic cross-sections, potentials of the new particles, their cross-sections, and, possibly, mass distributions of unstable particles, simulating the off-shell effects.
The temperature T does not enter explicitly into the transport equation but rather into the distribution function, which may or may not be well represented by an equilibrium distribution, which could be characterized by a temperature. If the interaction is specified by an energy density functional, then these effects are implicitly included. The same functional is then evaluated for a ground-state distribution function to obtain the EoS and the symmetry energy at zero temperature.
Equation (1) is often referred to as the Boltzmann-Uehling-Uhlenbeck (BUU) equation but is also known by other names. It is a complex non-linear integro-differential equation, which is usually solved by the test particle (TP) method, where the distribution function is represented in terms of finite elements, TPs, as
Here N TP is the number of TPs per nucleon, r i and p i are the time-dependent coordinates and momenta of the TPs, and g andg are the shape functions in coordinate and momentum space (e.g., δ-functions or Gaussians), respectively. Upon inserting this ansatz into the left-hand side of Equation (2), Hamiltonian equations of motion for the TPs are obtained,
The collision term is simulated stochastically, by performing TP collisions with a probability depending on the cross-section and obeying the Pauli principle for the final state according to blocking factors
A second family of transport approaches is the quantum molecular dynamics (QMD) model, in which the evolution of the collision is formulated in terms of the evolution of the coordinates R i (t) and momenta P i (t) of the individual nucleons, similarly to as in classical molecular dynamics, but with particles of finite width representing minimum nucleon wave packets, with the width usually assumed to be constant. These move under the influence of NN forces. The method can also be viewed as being derived from the time-dependent Hartree (TDH) method with a product trial wave-function of single-particle states in Gaussian form. One obtains equations of motion of the same form as in BUU in this case for the coordinates of the wave packets. There is also a version of anti-symmetrized molecular dynamics (AMD) [20] , which takes into account the anti-symmetrization of the wave packets. The equations of motion become non-local but are of similar type. Additionally, in QMD and AMD, a stochastic two-body collision term is introduced and treated in very much the same way as in BUU, but now for nucleons and the full NN cross-section. There are also relativistic formulations for both approaches using relativistic density functionals. A review of the BUU method is given in [21] , while the QMD method is reviewed in [22] .
Fluctuations
The main difference between the two approaches lies in the number of fluctuations and correlations in the representation of the phase-space distribution. In the BUU approach, the phase-space distribution function is seen as a smooth function of coordinates and momenta and can be increasingly better approximated by increasing the number of TPs. In the limit of N TP → ∞, the TP method provides an exact solution of the BUU equation, which is strictly deterministic and has no fluctuations. However, fluctuations are a necessary companion of dissipative dynamics, as expressed by the dissipation-fluctuation theorem. In practice, they are important in the expansion phase of a HIC, which often proceeds through mechanically unstable conditions and may lead to fragmentation of the residual nuclei. If such phenomena are to be described, one has to add a fluctuation term to the equation, which leads to the Boltzmann-Langevin equation. Approximate treatments of fluctuations in HICs have been implemented in [23] [24] [25] [26] . In practice, N TP is finite, in the order of 50 to 100 depending on the assumed shape of the TP, which leads to numerical fluctuations. In early treatments, these have been gauged to reproduce the unstable properties of the medium. In QMD, fluctuations are present because of the intrinsically finite number of wave packets in the representation of the phase space. The fluctuations are smoothed and regulated by the choice of the width parameter of the wave packets. In addition, classical correlations are present if explicit two-body interactions are used. QMD can be seen as an event generator solving the time evolution of different events independently. Event-by-event fluctuations are not suppressed by increasing the number of events.
The results of simulations with the two methods are thus expected to be similar, although not necessarily identical, as far as one-body observables are concerned. Larger differences are expected for observables depending on fluctuations and correlations, such as the production of clusters and intermediate-mass fragments. Generally, the description of observables going beyond the mean-field level is a question under active discussion in transport theory. In the experiment, copious numbers of light clusters and fragments were observed in HICs, particularly at lower energies.
Code Comparison
In addition to these more fundamental differences between transport approaches, there are also differences that are caused by different implementations of the highly complex transport theories. Analyses of experimental data with seemingly similar physics input have led to rather different conclusions. The analyses of the FOPI π − /π + ratios, as discussed below, represent an example. In order to reach a better understanding of possible reasons, a code-comparison project was undertaken. In a first comparison, results for standard Au+Au collisions at 100 and 400 AMeV incident energies with identical physics input were compared [27] . Eighteen commonly used transport codes, of both BUU and QMD type, participated. Comparisons of the stability of the initialized configuration; of the collision rates and the effectiveness of Pauli blocking; and of observables, such as the longitudinal and transverse flow, were discussed. The results for the flow parameter, that is, for the slope of the transverse flow at midrapidity, are shown in Figure 2 for the different codes. We are more interested here in the qualitative behavior of the different codes. It would go beyond the scope to identify the different codes and their properties in detail; one should refer rather to [27] . While there is a general agreement, quantitatively the differences were found to depend on the incident energy and amounted to approximately 30% at 100 MeV/nucleon and 15% at 400 MeV/nucleon, respectively. in Au+Au collisions at 100 AMeV (square (black) symbols) and 400 AMeV (triangular (red) symbols) for codes of Boltzmann-Uehling-Uhlenbeck (BUU) type (left) and quantum molecular dynamics (QMD) type (right). For the identification of the different codes, see [27] , from where this figure is taken.
In order to better understand these still appreciable differences, this was followed up by a comparison of calculations in a box with periodic boundary conditions, which approximates a calculation in infinite nuclear matter. The advantages of box calculations are that common initial conditions of a given density and temperature are easier to achieve, that the different ingredients of the transport codes can be tested separately, and that the results can be compared in many cases to exact limits. A first comparison of this kind investigated the treatment of the collision integral by switching off the mean field, without and with including the Pauli blocking, that is, by comparing Cascade calculations [28] . Without the Pauli blocking, the codes agreed to within a few percent among each other and with the exact limits, and the remaining small differences could be understood in most cases. Including the Pauli blocking, there were considerable differences. The collision rates for initializations of normal density and temperature T = 5 MeV for the different codes are shown in Figure 3 and compared to the exact limit, represented there by the line labeled CBOP2T5. Again, we do not discuss the different codes in detai; this is done in [28] . The results are shown for the first time step, for which the momentum distributions were still identical, and were time-averaged over the evolution, during which the momentum distribution changed in different ways for the different codes. These differences are seen not to be very important relative to the considerable differences seen regarding the exact limit. There are systematic differences between BUU and QMD and also between codes of the same kind. The main reason for the differences was found to be from fluctuations when calculating the occupation probability in the final phase-space cell of the collision partners, which led to differences in the Pauli blocking. These fluctuations, and their differences in BUU and QMD approaches, are discussed above. The consequence of the larger fluctuations in QMD codes was seen in systematically higher collision rates. On the other hand, the proper treatment of fluctuations in transport codes is still debated. The box comparisons are presently continued for the mean-field propagation and for pion production. It is anticipated that these comparisons can provide benchmark calculations against which existing and new transport codes can be compared.
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In order to better understand these still appreciable differences, this was followed up by a For the identification of different codes see Ref. [22] , from where this figure is taken. They are compared to a numerical, essentially exact, result for this case (solid line, denoted as CBOP2T5). For the identification of different codes, see [28] , from where this figure is taken.
Symmetry Energy in Heavy Ion Collisions
Symmetry Energy in Heavy-Ion Collisions
Overview
In intermediate-energy HICs, dense and hot matter is formed for very short time periods in the order of 10 −22 fm/c. The connection of these conditions to the asymptotic observables is provided by transport approaches as discussed above. Nuclear matter in HICs is only moderately asymmetric with asymmetries δ < 0.2. Thus in HICs, both the EoS of symmetric nuclear matter E 0 and the symmetry energy E sym are involved, with the symmetric matter giving the greatest contribution. In the past, the emphasis for HICs was put on the investigation of the symmetric EoS. It is thought that this has been fairly well determined by a variety of probes, mainly connected to collective phenomena [1] and to K-meson ratios [29] . The sensitivity to the symmetry energy part of the EoS can be increased by focusing on ratios or differences of observables for isospin partners, such as, for example, protons and neutrons or positively and negatively charged pions, hoping that the still-existent uncertainties in the isoscalar part of the EoS cancel out to a large extent.
The densities reached in HICs depend on the incident energy, on the system masses, and on the impact parameter of the collision. For peripheral collisions, the spectator-participant model has been useful, as it separates the warmly heated spectators of initially normal density from the strongly excited fireball, which on the other hand is observed in central collisions of similar-size ions. For energies of up to a few hundred MeV per nucleon in central collisions, densities about 20-30% in excess of saturation density are reached. In this regime, the interest is particularly on the decay and subsequent fragmentation, which contain rich information on the symmetry energy at densities below saturation in the isospin sharing of the fragments. Particularly, the value and the slope of the symmetry energy at saturation energy are extracted in these studies [3, 30] .
In relativistic collisions, up to several GeV per nucleon densities of up to 2-3 ρ 0 are reached. The collective motion of the final particles represents direct evidence of the symmetry energy, because the neutron-proton differences are directly driven by the isospin-dependent part of the mean field and thus by the symmetry energy. Additionally, nucleons and light clusters are emitted early in the collision, and the ratios of this pre-equilibrium emission gives complementary information on the symmetry energy at high density. Finally, in energetic collisions, mesons are produced in increasing multiplicities. The production of isospin partners depends on the asymmetry of the matter in which they are produced, and thus they are indirect probes of the effects on the symmetry energy. In the following, we discuss examples of such observables to demonstrate the possibilities and challenges to determine the density dependence of the symmetry energy in HICs.
Collective Flow
The flow of nuclear matter out of the interaction region indicates compression. The flow can be characterized by a kinetic momentum tensor. Non-sphericity indicates dynamic effects originating from the EoS, whose orientation with respect to the beam direction represents the collective sideward or directed flow. A difference in the two minor axes indicates the existence of elliptic flow. It has become customary to express both directed and elliptic flows, as well as possible higher-flow components, by means of a Fourier decomposition of the azimuthal distributions measured with respect to the orientation of the reaction plane φ R [31] :
where N 0 is the azimuthally integrated yield. The coefficients v n ≡ cos n(φ − φ R ) are functions of particle type, impact parameter, rapidity y, and the transverse momentum p t ; v 1 and v 2 are the directed and elliptic flows, respectively. Directed flow indicates the repulsion or attraction of the colliding nuclei and thus the deflection in the reaction plane. It originates from the compressional properties of the EoS, but also from the momentum dependence of the potential, particularly at higher incident energies. Thus it may also reverse its sign at higher energies, such as is shown, for example, by Ivanov [32] . The elliptic flow describes the squeeze-out of the participant matter perpendicular to the reaction plane and is thus very directly connected to compression. It is a promising probe of the stiffness of the EoS and has been investigated in detail in symmetric and asymmetric nuclear matter.
An excitation function of the elliptic flow of Z = 1 particles in 197 Au+ 197 Au collisions compiled from various experiments [33] is shown in Figure 4 . At lower energies, the collective angular momentum in the mean-field-dominated dynamics causes the observed in-plane enhancement of emitted reaction products; that is, v 2 > 0. Squeeze-out perpendicular to the reaction plane, that is, v 2 < 0, as a result of shadowing by the spectator remnants is observed at incident energies between about 150 and 4 GeV/nucleon with a maximum near 400 MeV/nucleon. Thus elliptic flow at these energies is particularly sensitive to the compression energy and thus to the EoS. The figure also shows that elliptic flow can be measured quite precisely, as demonstrated by the good agreement of data sets from different experiments in the overlap regions of the studied intervals in collision energy [33] [34] [35] .
To determine the high-density symmetry energy, the neutron-proton differential measurement of elliptic flow is particularly promising [36] . It involves the more difficult measurement of neutron flow. Such measurements have been performed recently by the ASY-EOS collaboration at the Gesellschaft für Schwerionenforschung (GSI) in Darmstadt, Germany [37] , and a result of this experiment and the analysis using a QMD code is shown in Figure 5 . Here the flow ratio of neutrons over all charged particles is shown as a function of the transverse momentum per nucleon. The data are compared to two predictions using the same momentum-dependent isoscalar field and two versions of the symmetry energy, characterized by an exponent γ of a polynomial parametrization of the symmetry energy E pot sym = C(ρ/ρ 0 ) γ , C ≈ 12 MeV. A best fit yielded a γ value of around 0.75, which represents a somewhat soft symmetry energy. It was also shown that the sensitivity of the experiment to density was in the range of 1-2 ρ 0 ; that is, it tests densities higher than saturation density. This, together with a previous experiment [38] with lower sensitivity, was a first direct determination of the symmetry energy above saturation density. Experiments at the facility NICA at the Joint Institute for Nuclear Reactions at Dubna, Russia or the Facility for Anti-proton and Ion Research (FAIR) at Darmstadt, Germany, should be able to probe even higher densities and explore the region of the deconfinement phase transition. 
Light Cluster Emission
Pre-equilibrium nucleons and light clusters are emitted early in energetic collisions and are distinguished from equilibrium evaporation particles by their higher energies. Ratios of isospin partners should be sensitive to the symmetry potential, to both the value of the potential at the relevant density and to the momentum dependence. The latter can be characterized by an effective mass as m * /m = (1 + (m/h 2 k)∂U/∂k) −1 . The momentum dependence of the isospin-dependent potential U τ , τ = {n, p}, then leads to an isospin splitting of the effective masses for neutrons and protons. The effect of these properties of the isospin potential can be seen in Figure 6 , where for a collision 136 Xe + 124 Sn at 150 AMeV, the (single) yield ratio of neutrons over protons, R(n/p; 136 Xe + 124 Sn), is shown as a function of the transverse energy [39] . The calculations are shown for four combinations of the density dependence (soft vs. stiff) and the effective masses (m * n > m * p vs. m * n < m * p ). For lower transverse energies of the emitted particles, the density dependence of the symmetry energy is dominant, and the soft case has the larger repulsion for neutrons below ρ 0 , while for higher transverse energies, the momentum dependence dominates and the lighter effective masses are emitted more readily. This behavior opens the possibility to separate the density and momentum dependence of the symmetry energy. At higher incident energies, the momentum dependence dominates increasingly more [40] . Similar behavior is seen for isospin partners of light clusters, such as t/ 3 He in the right panel of Figure 6 . In Figure 7 , the n/p emission is compared to data from Michigan State University (MSU) for Sn+Sn collisions [42] . Here, not the single ratio of neutrons over protons is compared, as in Figure 6 , but the ratios of the ratios for two reactions, the double ratios (DRs): DR(n/p; 124 Sn; 112 Sn) = R(n/p; 124 Sn + 124 Sn) R(n/p; 112 Sn + 112 Sn) ,
where experimental differences in the efficiency of neutron and proton detection are expected to cancel out. Shown are the "coalescence-invariant" DRs, for which neutrons and protons of all experimentally measured clusters with A ≤ 4 are included into the coalescence-invariant cross-sections. On the other hand, the DRs for only the free protons and neutrons show little similarity to the DRs in BUU calculations [42] . This is caused by the difficulty to describe light cluster formation in transport calculations, which depends sensitively on dynamical few-body correlations that are not accounted for in the usual BUU and only classically accounted for in QMD calculations. The experimental coalescence-invariant DRs are compared to calculations in Figure 7 with two Skyrme-type density functionals, which have a very similar stiffness of the symmetry energy of L ≈ 60 MeV but different orderings of the effective masses. The SLy4 EoS with m * n < m * p seems to fit the data somewhat better, but better data are needed for the higher-energy part of the spectrum.
Light cluster emission is of interest at both lower energies and densities in the Fermi energy regime and at higher energies and densities in the range of the NICa experiments. In the first case, it was used to investigate the symmetry energy of nuclear matter at very low densities, which exists in the expansion phase of a central low-energy reaction [43] . The ratio of cluster yields between two reactions of different isospin gave information about the change in the chemical potentials and thus about the symmetry energy via isoscaling [44, 45] . At the same time, the cluster ratios gave information on the density of about 0.1-0.001 ρ 0 and temperatures of a few MeV [46] . The formation of light clusters in low-density warm matter was also confirmed by quantum statistical calculations, which take into account the medium dependence of the clusters and their eventual dissolution with increasing density [47] . Because the formation of clusters is favored by their binding energy relative to a homogeneous medium of free nucleons, the symmetry energy remains finite as the density approaches zero. The range of densities and temperatures in such investigations is also in the range of conditions in the neutrino-sphere of core-collapse supernovae and thus gives a connection between HICs and astrophysics. Cluster emission could also be an interesting probe for the EoS at the high densities reached in ultrarelativistic HICs, such as in NICa experiments. As discussed in [48, 49] , clusters may exist and survive in HICs near the deconfinement phase transition, and their flow can be used as a probe of the phase transition. Thus cluster formation in HICs is both an important probe and at the same time a challenge to transport descriptions.
Particle Production
The n/p asymmetry of the compressed system also determines the ratio of newly produced particles, which thus can serve as indicators of the symmetry energy in the high-density phase. Pions are produced predominantly via the ∆ resonances NN → N∆ and the subsequent decay ∆ → Nπ. The ratio of the isospin partners π − /π + can thus serve as a probe of the high-density symmetry energy. As analyzed in [50] , there are competing effects on the ∆ and pion production from the isospin-dependent mean fields and the ∆ production threshold conditions.
The results from recent theoretical analyses of the π − /π + ratio using different models of symmetry energies and different program codes are collected in the right panel of Figure 8 , while the corresponding symmetry energy density dependencies are shown in the left panel [51] [52] [53] [54] .
These are compared to the data of the Four-PI collaboration (FOPI) [55] . For each model, the results for two parameter sets of different stiffness are shown (stiffer: blue; softer: red). As is seen, the results of the different models are very different not only quantitatively; even the trend with the stiffness of the symmetry energy is not consistent. A reason may lie in different modeling of the ∆ − π dynamics, as well as in the competing mean-field and threshold effects, for which slightly different treatments might lead to large differences [50] . The code comparison of pion production, mentioned above, should further serve to aid the understanding of these discrepancies. This issue needs clarification in view of the sensitivity of the pion observables and the data situation. More information should be gained by discussing not the energy-integrated yield ratios but the spectral behavior of the ratio, as different energy pions are expected to probe different stages of the evolution of the reaction [56] . It has also been suggested that the ratio of the anti-strange kaon isospin partners, K 0 /K + , could be a useful observable for the symmetry energy [57] . Indeed, kaon production has been one of the most useful observables to determine the EoS of symmetric nuclear matter [29] . The anti-strange kaons weakly interact with nuclear matter and are thus a direct probe of the dense matter in which they are produced. Theoretical analyses show a similar, if not greater, sensitivity to the symmetry energy compared to pion ratios.
Discussion and Summary
Constraints for the density dependence of the nuclear symmetry energy determined from HICs are shown in the left panel of Figure 9 for the range of densities presently explored, which also includes some results from nuclear-structure studies. We briefly discuss the various constraints shown in the figure. At very low densities, the symmetry energy was determined from the light cluster yields of the decay of the participant in low-energy HICs (solid triangles) [46] , as discussed in Section 3.3. The very precise description of masses of nuclei by energy density functionals constrained the symmetry energy around saturation density-in fact about 40% below-because of the surface contribution, as is shown in the figure (solid circle and square) [3] . The analysis of the shift of the isobaric analog resonances (IAS) yielded rather stringent constraints on the asymmetry density in nuclei (dotted contour) [58] . Transport analysis of HICs, mainly of Sn+Sn but also other systems, at energies from 50 to about 200 AMeV probed the symmetry energy below saturation density from observations of isospin transport between the residual fragments (gray contour) [30] . The constraints from n/p flow ratios at the relativistic energies discussed in Section 3.2 [37] are shown by the red area (as well as the yellow area from an earlier measurement with smaller precision [38] ) in the density region of 1.5-2 ρ 0 , where they were the most sensitive. One result of the analysis of the π − /π + ratio is shown by the blue line [51] , which is also shown in Figure 8 . As discussed there, this result is controversial and in any case was in conflict with the result of the flow measurements. in different modelling of the ∆ − π dynamics, and also in the competing mean field and threshold ¿¾¾ effects, where slightly different treatments might lead to large differences [41] . The code comparison ¿¾¿ of pion production, mentioned above, should further serve to understand these discrepancies. This ¿¾ issue needs clarification in view of the sensitivity of the pion observables and the good data situation.
¿¾
More information should be gained by discussing not the energy integrated yield ratios, but the ¿¾ spectral behavior of the ratio, since different energy pions are expected to probe different stages of ¿¾ the evolution of the reaction [45] .
It has also been suggested, that the ratio of the anti-strange kaon isospin partners, K 0 /K + could ¿¾ be a useful observable for the symmetry energy [46] . Indeed, kaon production has been one of the ¿¿¼ most useful observables to determine the EOS of symmetric nuclear matter [23] . The anti-strange ¿¿½ kaons weakly interact with nuclear matter and are thus a direct probe of the dense matter where they ¿¿¾ are produced. Theoretical analyses show a similar if not larger sensitivity to the symmetry energy ¿¿¿ compared to pion ratios. 
Discussion and Summary
¿¿
Constraints for the density dependence of the nuclear symmetry energy determined from HICs ¿¿ are shown in the left panel of Fig. 9 for the range of densities presently explored, which also includes ¿¿ some results from nuclear structure studies. We briefly discuss the various constraints shown in ¿¿ the figure. At very low densities the symmetry energy has been determined from the light cluster ¿¿ yields from the decay of the participant in low energy HICs (solid traingles) [38] , as discussed in contribution, as is shown in the figure (solid circle and square) [3] . The analysis of the shift of the ¿ ¿ isobaric analog resonances (IAS) can yield rather stringent constraints on the asymetry density in ¿ nuclei (dotted contour) [47] . Transport analysis of HICs mainly of Sn+Sn but also other systems ¿ at energies from 50 to about 200 AMeV probe the symmetry energy below saturation density from ¿ observations of isospin transport between the residual fragments (gray contour) [24] . The constraints ¿ from n/p flow ratios at relativistic energies discussed in Sect. 3.2 [30] are shown by the red area (and ¿ Figure 9 . (Left panel) Constraints deduced for the density dependence of the zero-temperature symmetry energy from the ASY-EOS data (red area, [37] ) in comparison with the FOPI-LAND result (yellow area, [38] ) as a function of the reduced density ρ/ρ 0 . The low-density results of [30, [58] [59] [60] as reported in [3] are given by the symbols, the gray area (heavy-ion collision-HIC), and the dashed contour (isobaric analog resonances-IAS); see also text. The results of the density dependence on the symmetry energy from the nuclear structure and reactions were seen to converge reasonably well; the disagreements from the pion ratio observations will hopefully be clarified via the code comparison investigations discussed in Section 2.3. In the right panel of Figure 9 , these results are contrasted with results from microscopic calculations; constraints from HICs, in this case from [1] ; and constraints from NS observations. The microscopic calculations were performed with chiral effective field theory (EFT) using various many-body techniques [61, 62] . The NS constraints originate from mass-radius studies and from the maximum mass of observed NSs [5, 6] , but constraints from NS mergers are not yet given. It is seen that overall, the results tended to converge, but a reduction in the uncertainties from all sources, many-body calculations, structure, reactions, and astrophysics is expected in the future.
